Abstract. Let G be a graph of size q and a, n, d be positive integers for which
Introduction
By a graph we mean a finite undirected graph without loops or multiple edges. A wheel on p vertices is denoted by W p . A path of length t is denoted by P t+1 . Terms not defined here are used in the sense of Harary [4] . Throughout this paper G ⊂ H means G is a subgraph of H. Let G = (V, E) be a simple graph of order p and size q. If G 1 , G 2 , . . ., G n are edge disjoint subgraphs of G such that E(G) = E(G 1 ) ∪ E(G 2 ) ∪ · · · ∪ E(G n ), then {G 1 , G 2 , . . . , G n } is said to be a decomposition of G.
The concept of ASD was introduced by Alavi et al. [1] . The graph G of size q where
2 , is said to have an ascending subgraph decomposition (ASD) if G can be decomposed into n-subgraphs G 1 , G 2 , . . ., G n without isolated vertices such that each G i is isomorphic to a proper subgraph of G i+1 for 1 ≤ i ≤ n − 1 and |E(G i )| = i.
We generalize this concept into (a, d) − ASD as follows: G is a simple graph of size q and a, n, d are positive integers for which n 2 (2a + (n − 1)d) ≤ q < ( n+1 2 )(2a+nd). Then (a, d)-ascending subgraph decomposition ((a, d)−ASD) of G is the edge disjoint decomposition of G into subgraphs G 1 , G 2 , . . ., G n without isolated vertices such that each G i is isomorphic to a proper subgraph of G i+1 for 1 ≤ i ≤ n − 1 and 
, then there is nothing to prove. Now, suppse ( 
. ., G n . Clearly every graph does not posses (a, d) − ASD into n parts. Now we wish to identify those graphs which admit (a, d) − ASD into n parts.
The following number theoretical result will be useful for proving further results.
Lemma 2.5. Given that the numbers a, a
As G admits (a, d) − ASD into n parts, we have (1) n(q − a) = nk.
Hence a = q − k.
Corollary 2.7. If G admits (a, d) − ASD into n even number of parts and let
As (n − 1, n) = 1 and n is even, n − 1 divides k. Therefore, k ≡ 0 (mod n − 1)
Proof. Suppose G admits (a, ) − ASD into n parts. Then we have,
Alos from (1) and since 
(a, d) − ASD on Wheel
In this section for proving W m = K 1 + C m−1 (m ≥ 4) admits (a, d) − ASD into n parts, we need the following results.
and ii) a is even (odd) if and only if d is even (odd).
Proof. Suppose W m admits (a, d) − ASD into n-parts. Then we have,
Case ( Let d = 2r (r ∈ z + ), By using (1) we have,
Therefore m ≡ 1 (mod 2k). Hence m ≡ 1 (mod n 2 ). Case (b): Suppose n ≡ 1 (mod 4).
Let n = 4k + 1 (k ∈ z + ), By using (1) we have,
n(a + 2kd) = 2(m − 1).
As a, d are integers and n is odd, (b)(i) follows clearly. As n is odd, (b)(ii) follows clearly. Case (c): Suppose n ≡ 2 (mod 4).
Let n = 4k + 2 (k ∈ z + ), By using (1) we have,
The above equation is true only when ℓ is even. Then (c)(i) follows. Further, since ℓ is even and n is even, then (c)(ii) follows.
Case (d): Suppose n ≡ 3 (mod 4).
Let n = 4k + 3 (k ∈ z + ∪ {0}), By using (1) we have,
n(a + (2k + 1)d) = 2(m − 1).
As a, d are integers and n is odd, then (d)(i) follows clearly. As n is odd, (d)(ii) follows clearly.
n and
Proof. Suppose W m admits (a, d) − ASD into n-parts. Then by 2.8, we have Proof. The proof of the necessary part follows from 3.1. Conversely, 
Subcase(a)(ii): Suppose a and d are odd. Define when a = 1,
Define when a > 1 and d > 1
When j ≡ 3 (mod 4), define
When j ≡ 2 (mod 4), (j > 2), define
where p = In the above construction addition of indices being taken modulo (m − 1) with residues 1, 2, . . . , m − 1.
Subcase (a)(iii) Suppose a is even and d is odd. 
where ℓ = When j ≡ 0 (mod 4), define
When j ≡ 1 (mod 4), (j > 1), define
In the above construction addition of indices being taken modulo (m − 1) with residues 1, 2, . . . , m − 1.
Subcase (a)(iv): Suppose a is odd and d is even.
When j ≡ 3 (mod 4), define In the above construction addition of indices beinig taken modulo (m − 1) with residues 1, 2, . . . , m − 1. Clearly G j ⊂ G j+1 for 1 ≤ j ≤ n − 1. Therefore, G 1 , G 2 , . . ., G n is an (a, d) − ASD into n parts of W m . Case (b): Let n ≡ 1 (mod 4).
The proof of this case is anologus to subcases a(i) and a(iii). Case (c): Let n ≡ 2 (mod 4).
The proof of this case is anologus to subcases a(i) and a(iv). Case (d): Let n ≡ 3 (mod 4).
The proof of this case is anologus to subcases a(i) and a(ii).
